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Abstract
We calculate the triangular anomaly in the next order in the Abelian-Higgs theory. The
left-handed fermion and the right-handed fermion of this theory are assumed to interact with










): The calculation is performed
with the method of subtraction aided by the Ward-Takahashi identities. Our result provides
a counter-example to the Adler-Bardeen theorem[8], as the anomaly in the Abelian-Higgs
model in the next-lowest order is not zero. More precisely, we have found that, in addition
to a trivial term which comes from high-order diagrams imbedded with lowest-order trian-
gular diagrams, there exists a non-trivial next-order anomaly. This anomaly amplitude is













, where f is the renormalized Yukawa coupling constant.
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Over a quarter of a century ago, Adler[1], Bell, and Jackiw[2] discovered the axial
anomaly[3]. They considered the lowest-order amplitude for the triangular graph with two
vector vertices and one axial-vector vertex. While this amplitude is linearly divergent, en-
forcement of current conservation on the vector vertices xes the arbitrary constant of the
linearly-divergent integrals. They then showed that the current conservation on the axial-
vector vertex, argued to be valid in the limit m ! 0 as a consequence of chiral invariance,
is not satised by this amplitude.
To obtain a meaningful radiative correction of the anomaly, it is desirable to start with
a rigorous Lagrangian theory. We choose to consider the Abelian-Higgs model as discussed
in the previous paper[4] which is gauge invariant and has a spontaneously broken vacuum
symmetry|the essential ingredients of the Standard Model. This theory can be canonically
quantized in the covariant gauges, and the gauge invariance of the unrenormalized quantum
theory is quaranteed by the BRST invariance[5]. There is no conservation law in this theory
for either the vector current or the axial vector current. Indeed, since the gauge vector meson
couples only to a mixture of the left-handed fermion and the right-handed fermion, neither
the vector current nor the axial-vector current is meaningful individually. Furthermore,
the quantization of a gauge eld requires adding gauge-xing terms and ghost terms to
the Lagrangian. The equations of motion contain the contribution of such terms, and are
dierent from the corresponding ones used in the classical version of the theory. The current-
conservation laws are replaced by the Ward-Takahashi identities, which are the consequences
of the invariance of the Lagrangian under BRST transformations.
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momenta of the external particles dened in the outward direction. We note from (1) that
the longitudinal component of  
V V V





orders. The linearly divergent amplitude  

V V V
is uniquely determined by the requirement
of Bose statistics instead of that of vector current conservation. As it turns out, the Ward-
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Takahashi identity (1) is not valid: there is a term which must be added to the right-hand
side of (1). This unwarranted term is the counterpart, in the Abelian-Higgs theory, of the
ABJ anomaly.






individually is complex. Furthermore, while
the individual amplitudes are functions of k
2
i
, the right side of (1) is momentum independent.
Therefore, there must be extensive cancellations between the two vertex functions in (1).
This cancellation is explicitly incorporated by the use of the Ward-Takahashi identity for
the V  

 vertex which is given by eq. (10) of the previous paper[4]. With the application
of this identity, the integrand for the anomaly amplitude consists of terms which, were we
allowed to change freely the designation of loop momenta for each of them, would cancel
completely. However, the anomaly amplitude is a linearly divergent integral, and shifting the
variable of integration of such an integral without compensation is not legitimate. We shall
call such cancellations supercial. For two symmetrically integrated integrals which cancel
each other supercially, their dierence comes from the fact that they have dierent regions
of integration. The dierence is a region at innity. Since the Jacobian of integration for
a shift of supercial cancellation is always equal to unity, the contributions of the anomaly
amplitude come from the region of diernce in which the loop momenta are inntely large.
In this region, the external momenta are negligible and this is the reason why the anomaly
amplitude is a constant, in the orders under consideration.
The relevant diagrams for  

V V V
in the lowest and next to the lowest orders are illustrated
in Fig. 1 and Fig. 2. The diagrams in Fig. 1 are just the lowest-order triangular diagrams
with insertions of radiative corrections to the vertices and internal lines. Bose symmetry
is maintained by an ingenius choice of the loop-momenta[6]. Referring to Fig. 1, we see
that, with the loop-momentum so chosen, diagram (1a) and diagram (1b) are individually
invariant under the cyclic permutation of 1 ! 2; 2 ! 3; 3 ! 1. In addition, these two
diagrams turn into each other under 2 $ 3. Therefore, with the understanding that the
integration over p is symmetrically performed, the sum of the amplitudes corresponding to
these two diagrams is completely Bose-symmetric. On the other hand, the diagrams in Fig.
2 are only generic. In order to satisfy complete Bose-symmetry, we must include all diagrams
of the kind in Fig. 2 with the external legs permuted in all possible ways.
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are obtained from those for the amplitude
 
V V V
by replacing an external V line by an external 
2
line, plus the diagrams obtained
from diagram (2g) by permuting the external lines in all possible ways.
With the aid of the Ward-Takahashi identity[4], one may show, after considerable amount



















































































































































































































and where the integration is over a three-dimensional surface in the momentum space at
innity. The amplitude of (3) is schematically illustrated in Fig. 3. In the above,   is the
V  

 vertex and S is the fermion propagator. Also,  
a
is the contribution of the radiative
correction of the exchange of a gauge meson to  . We have ignored the trivial anomaly
3
amplitude contributed by diagrams (2c) and (2d). These two diagrams are imbedded with
lowest-order triangular diagrams, and yield a next-order anomaly amplitude which is pro-
portional to the lowest-order anomaly amplitude. Such an anomaly amplitude vanishes as a
family of fermions with proper quantum numbers with cancelling contributions is introduced,
as is customarily done.
We shall omit all the details of the calculation and refer the interested readers to a future

























































































are given in the previous letter[4]. The
functions 














































































































































explicitly. We nd that

+







































of the vector meson and the scalar particles respectively.
The right side of eq.(1) therefore has an anomalous term which up to the next-lowest




















(1 + )]: (13)
In particular, the next order anomaly in the Abelian Higgs theory is not zero unless  = 0 or
 =  1, corresponding to the cases of purely left-handed coupling and right-handed coupling,
respectively. The trivial anomaly amplitude of diagrams (2c) and (2d) has been ignored.
The next-order anomaly in QED has been calculated and found to be zero[8,9]. There
is also a naive argument[8] which leads to the same conclusion for a general eld theory. In
addition, there is a path-integral argument[10] leading to the same conclusion. In view of
the disagreement of (13) with these results, we would like to reiterate the dierence of our
fundamental philosophy with those in previous works on the anomaly. First of all, results
derived from path-integral formulations are non-rigorous and are known to be unreliable
in many cases[11]. In our approach, we start with a rigorous theory on the basis of a
gauge invariant Lagrangian. In this theory, there exist Ward-Takahashi identities which are
consequences of the symmetry of the Lagrangian. While these identities are formally upheld
by the supercial cancellations of terms in the amplitudes appearing in the identities, linear
divergences of the Feynman integrals render these cancellations invalid, and anomaly terms
appear. Such an anomaly occurs without the articial construction of an axial current. As
a general rule, our anomaly amplitude is in the form of a sum of terms which would have
completely canceled if change of integration variables were allowed. We have found that,
in the Abelian-Higgs model with chiral fermions, there are two groups of such terms in
the next-order anomaly. In the rst group, the change of variables needed to make terms
cancel supercially is a shift by an amount equal to linear superpositions of the external
momenta. Although there are more than 3 fermion propagators in the integrand of the
Feynman integrals, the integrals remain to be linearly divergent, and this sum of terms
is not equal to zero but can be reduced to an integral over a surface at innity. This
surface integral is indeed that of the lowest-order anomaly with the unperturbed self-energy
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functions and the vertex functions replaced by the radiative corrections of these functions.
The asymptotic forms of these functions of radiative corrections are no less singular than
those of the corresponding unperturbed ones, and the sum of the contributions of the former
is not zero. There is also a second group of terms in the next-order anomaly. For these
terms, the shift for a loop momentum needed for supercial cancellation involves not only
the external momenta, but the other loop-momentum as well. Such terms cannot be reduced
into a surface integral. Instead, they can be reduced into a dierence of two integrals with
the same integrand, but with dierent volumes of integration. It is possible to extract the
kinematic factors out of these integrals, and reduce the divergence of such integrals to a
logarithmic one. Although the divergence is not linear, the dierence of the two integrals is
nite and non-zero as the integration is over a volume of innite length in all dimensions.
The sum of these two groups of terms, plus the contribution of an overall factor which is in
the form of a ratio of the renormalization constants, is a function of f
2
only, while individual
terms depend on g. The next-order anomaly vanishes in the special cases of  = 0 and
 =  1, corresponding to purely left-handed coupling and purely right-handed coupling,
respectively. It also vanishes if f = 0, which is the case considered in the literature. Our
results are therefore not in conict with results of past calculations[8,9]. Nevertheless, they
do show that the Adler-Bardeen theorem[8] does not hold generally. They are worth noting
as the neutral currents in the standard model are not one-handed, and nor are the Yukawa
coupling constants zero.
Partly on the basis of the vanishing of the next-order anomaly, it has sometimes been
argued that a gauge theory with uncancelled anomaly is not renormalizable. We maintain
that this is not true. As a consequence of Bose-symmetry, the V V V amplitude is ul-
traviolet nite to all orders. While the Lagrangian does not provide a counterterm for the
V V V amplitude, this amplitude needs no counterterm for renormalization. Therefore, the
Abelian-Higgs theory with a chiral fermion eld is renormalizable despite the existence of
anomaly. This renormalizability, however, turns out to be a hollow victory. The presence of
anomaly invalidates the unitarity condition, making the theory not physical. The breaking
of the Ward-Takahashi identities also has the unpalatable consequence that the scattering
amplitude is gauge dependent, leaving us in a quandary as to which gauge to adopt.
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Customarily, one introduces a number of fermions with appropriate quantum numbers,
making the sum of the lowest-order amplitudes contributed by these fermions vanish. How-
ever, the next-order anomaly amplitude given by (13) depends on the Yukawa coupling
constant f . Since the mass of a fermion is related to f , fermions of dierent masses have
dierent Yukawa coupling constants. The mass of the top quark is of an order of magnitude
larger than those of the leptons or other quarks. Therefore, the Yukawa coupling constant
of the top quark in the standard model is much larger than those of other fermions. Conse-
quently, the contribution of the top quark to the anomaly amplitude in the standard model is
unlikely to be canceled by those of other particles, unless additional quarks or (and) leptons
with masses comparable to that of the top quark are introduced.
Acknowledgments




1. S. Adler, Phys. Rev. 177, 2426 (1969).
2. J.S. Bell and R. Jackiw, N. Cimento, 60A, 47 (1969).
3. For an exposition on the anomaly, see, for example, Kerson Huang, Quarks, Leptons
and Gauge Fields (World Scientic)1992.
4. H. Cheng and S.P. Li, \How to Renormalize a Quantum Gauge Field Theory with
Chiral Fermions" (submitted for publication).
5. H. Cheng and E.C. Tsai, Phys. Rev. D40, 1246 (1989).
6. This choice of notations was found by T.T. Wu (private communications).
7. H. Cheng and S.P. Li, "How to treat 
5
" (to be pusblished).
8. S.L. Adler and W.A. Bardeen, Phys. Rev. 182, 1517 (1969).
9. S.L. Adler, R.W. Brown, T.F. Wong and B.-L. Young, Phys. Rev. D4, 1787 (1971);
M. Baker and K. Johnson, Physica 96a , 120 (1979); A. Zee, Phys. Rev. Lett. 29,
1198 (1972).
10. K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979).
11. H. Cheng and E.C. Tsai, Phys. Rev. Lett. 57, 511 (1986).
8
Figure Captions
Figure 1. A thick straight line represents a fermion propagator while a wavy line represents
a vector meson. A vertex with a blob represents a dressed vertex, with all of the
radiative correction included. A line with a blob represents a dressed propagator.
Figure 2. A straight thin line represents a H-meson and a double straight line represents a

2
propagator. For meanings of other lines, see caption of Figure 1.
Figure 3. A diagram in this gure represents an anomaly amplitude. A dotted line in
these diagrams represents the vector meson of momentum k
1
, the vertex for
which is absent as the Ward-Takahashi relation (2) has been applied.
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